Introduction
Synchronization is one of the most relevant directions of nonlinear dynamics attracting great attention of modern scientists [1, 2] . The interest to it is connected both with a large fundamental significance of its investigation [1] and a wide practical applications, e.g. for the transmission of information [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] , diagnostics of dynamics of some biological systems [19, a e-mail: o.i.moskalenko@gmail.com 20, 21, 22, 23, 24] , control of chaos in the microwave systems [25, 26, 27, 28, 29] , etc.
Several types of the synchronous chaotic system behavior are traditionally distinguished. They are phase [30, 1] , generalized [31, 32] , lag [33, 34] , complete [35, 36] , time scale [37, 38, 28] synchronization and others.
One of the most important problems connected with the study of the chaotic systems is the influence of noise on their behavior including the synchronous regime arising [39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50] . Noise is known to influence on system dynamics in different ways.
In particular, in case of complete synchronization of coupled chaotic oscillators, noise may induce intermittent loss of synchronization due to local instability of the synchronization manifold [51, 52] . At the same time, both periodic and chaotic non-coupled identical dynamical systems subjected to a common noise may achieve complete synchronization at a large enough intensity [53, 54, 55, 42, 48] .
Such phenomenon is called noise-induced synchronization regime. In the case of phase synchronization of coupled oscillators noise can induce phase slips in phase-locked periodic and chaotic oscillators [56, 57] . On the other hand, noise can play a constructive role at phase synchronization enhancing the synchronous regime below the threshold of phase synchronization [45, 58] . Nevertheless, for almost all types of chaotic synchronization (phase synchronization, complete synchronization, lag synchronization) noise appears to obstruct the synchronous motion and increase the value of the coupling strength between oscillators corresponding to the onset of synchronization.
At the same time, effect of noise on the generalized synchronization regime is investigated poorly enough. As an exception one can refer to the paper [50] where the effect of noise on generalized synchronization in two characteristically different chaotic oscillators have been considered.
In this case the effect of noise can be system dependent, i.e. common noise can either induce/enhance or destroy the generalized synchronization regime.
Systems studied in [50] are close to an attractor crisis bifurcation [59] . In this case external noise of small intensity may result in creation of a new chaotic attractor with a qualitatively different topology that results in changing of the system behavior in the presence of noise. In present paper we dwell for the first time upon the behavior of the generalized synchronization regime in systems which attractors are far away from the boundary bifurcation crisis or their basins of attraction are infinitely large.
We report for the first time theoretical and experimental results of the influence of noise on the threshold of the generalized synchronization regime in identical systems with mismatched parameters whose attractors satisfy the conditions mentioned above. As it would be shown bellow, in this case the generalized synchronization onset is almost independent on the noise intensity, i.e. the Revealed peculiarity of the behavior of the boundary of the GS regime in the presence of noise could be used in many relevant circumstances, e.g. for the secure transmission of information through the communication channel [18, 60] , in the medical, physiological [61, 62] and other
Generalized synchronization regime
The generalized synchronization regime (GS) in two unidirectionally coupled chaotic oscillators with continuouṡ x(t) = G(x(t), g d ) u(t) = H(u(t), g r ) + εP(x(t), u(t)), (1) or discrete
time means the presence of a functional relation
between the drive x (x(t) or x n ) and response u (u(t) or u n ) system states [31, 63] , i.e. in the GS regime the response system behavior converges to the synchronized state independently on the choice of initial conditions belonging to the same basin of attraction. In equations (1)- (2) x and u are the state vectors of the drive and response systems, respectively; G and H define the vector fields of interacting systems, g d and g r are the control parameter vectors, P denotes the coupling term, and ε is the scalar coupling parameter. Typically, the analytical form of the
can not be found in most cases. Depending on the character of this relation -smooth or fractal -GS can be divided into the strong and the weak ones [63] , respectively. It is also important to note that the distinct dynamical systems (including the systems with the different dimension of the phase space) may be used as the drive and response oscillators to achieve the GS regime.
To detect the GS regime both in flow systems and discrete maps the auxiliary system method [64] is frequently used. According to this method the behavior of the response system u is considered together with the auxiliary It is also possible to compute the conditional Lyapunov exponents to detect the presence of GS [63] . In this case
Lyapunov exponents are calculated for the response system, and since the behavior of this system depends on the drive system these Lyapunov exponents are called conditional. Negativity of the largest conditional Lyapunov exponent is a criterion of the GS presence in unidirectionally coupled dynamical systems [63] .
Methods for the GS regime detection described above could be easily applied for the investigation of the influence of noise on the GS regime onset, with all criteria of the GS regime appearance remaining unchangeable. In other words, the auxiliary system method and the conditional Lyapunov exponent calculation may be used to detect the existence of this type of synchronization both in flow systems and discrete maps in the presence of noise.
At the same time, taking into account the fact that the definition of the GS regime and methods for its detection are the same both for systems with continuous and discrete time 1 , further in this Section we consider the GS regime onset in flow systems. Several peculiarities connected with the GS regime onset in discrete maps will be discussed in Section 2.1.
GS is known to take place in systems with the different types of coupling, the dissipative and non-dissipative ones.
1 Moreover, flow systems may be reduced to discrete maps, with all types of the synchronous behavior being connected with each other [65] In the case of dissipatively coupled identical flow dynamical systems with mismatched parameters equations (1) can be rewritten aṡ
where A = {δ ij } is the coupling matrix, δ ii = 0 or δ ii = 1,
The mechanisms of the GS regime arising in systems with the dissipative coupling can be revealed by the modified system approach firstly proposed in our previous work [66] . Due to such approach the dynamics of the response system may be considered as the nonautonomous dynamics of the modified systeṁ
where H ′ (u(t)) = H(u(t)) − εAu(t), under the external force εAx(t):
One can easily see that the term −εAx(t) brings the additional dissipation into the system (5). The phase flow contraction is characterized by means of the vector field divergence. Obviously, the vector field divergences of the modified and the response systems are related with each other as
(where N is the dimension of the modified system phase space), respectively. So, the dissipation in the modified system is greater than in the response one and it increases with the growth of the coupling strength ε.
The GS regime arising in (4) may be considered as a result of two cooperative processes taking place simulta-neously. The first of them is the growth of the dissipation in the system (5) and the second one is an increase of the amplitude of the external signal. Both processes are correlated with each other by means of parameter ε and can not be realized in the coupled oscillator system (4) independently. Nevertheless, it is clear, that an increase of the parameter ε in the modified system (5) results in the simplification of its behavior and the transition from the chaotic oscillations to the periodic ones [66] . Moreover, if the additional dissipation is large enough the stable fixed state may be realized in the modified system. On the contrary, the external chaotic force εAx(t) tends to complicate the behavior of the modified system and impose its own dynamics on it. The GS regime is known to take place when own chaotic dynamics of the autonomous modified system is suppressed [66] . At the same time, the response system demonstrates chaotic oscillations due to the external signal coming from the drive system. So, the stability of the GS regime is defined primarily by the properties of the modified system. Adding of noise does not change the characteristics of the modified system (5) and does not seem to affect the threshold of the GS regime onset. Therefore, the GS regime should exhibit the stability with respect to noise in the wide range of the noise intensities. At that, it should be noted that the characteristics of noise does not matter and the similar stability of the GS regime would be observed both for additive and multiplicative noise with different characteristics.
To verify the correctness of the statement mentioned above we use the conditional Lyapunov exponent method. We consider the evolution of both the reference state of the response oscillator u(t) and the perturbed one v(t) = u(t) + ∆(t) being close to each other (i.e., |∆(t)| ≪ 1). The conditional Lyapunov exponents λ r i (i = 1, . . . , N ) are determined by the exponential increase/decrease of the small perturbation ∆(t). To take into account the noise influence we have added the noise terms ζ, ξ ∈ R N into equations (4) describing the dynamics of the drive and response systems:
In Eq. (8) the stochastic processes are supposed to be different for the more complicated case to be considered.
In this case the dynamics of the auxiliary (perturbed) system would be given bẏ
Note, the concept of the generalized synchronization and the auxiliary system approach requires the identity of the signals driving both the response and auxiliary systems.
This requirement means that noise must be also identical for the response and auxiliary system. In other words, the control parameter values and the noise signals in the response and auxiliary systems should be fully identical whereas initial conditions for them should be chosen different.
The equation determining the evolution of the perturbation ∆(t) may be obtained as followṡ
Taking into account that v(t) = u(t) + ∆(t) and |∆(t)| ≪ 1, one can write
(where J is a Jakobian matrix), and, as a consequencė
Eq. (12) It should be noted that onset of the GS regime is similar to the last one for the cases of complete (CS) (identical) and lag (LS) synchronization. Such types of the synchronous chaotic system behavior could be considered as partial cases of GS and they correspond to the stronger forms of such regime [63] . It is clear that the modified system approach could be applied for revealing the mechanisms resulting in the synchronous regime onset even in the presence of noise. At the same time, it should be noted that even for identical dynamical systems with equal values of the control parameters GS regime arises a bit earlier than the CS one [63, 67] . As it would be shown bellow in Section 2.2, external noise added to the drive and response could destroy the CS (or LS) regime but it does not destruct the GS regime itself. Therefore, the stability of the CS and LS regimes is less strong than for the GS one. 
Logistic maps
We start our consideration with the GS regime arising in two unidirectionally coupled logistic maps with additive noise term:
where
Here λ x,y are the control parameter values of the drive and response systems, respectively, ε characterizes the coupling strength between systems, ξ n is the stochastic process which probability density is distributed uniformly on the interval [0; 1], D defines the intensity of added noise.
Although the systems with the discrete time are the specific class of dynamical systems, they are closely interrelated with the flow systems [68] , with types of the chaotic synchronous motion corresponding with each other in maps and flows [65] . Nevertheless, there are also differences between these types of chaotic dynamical systems. One of them is the type of coupling between oscillators. Typically, for the logistic maps the coupling term is introduced in the same way as it has been done in Eq. (13) instead of the linear difference of the vectors (like in Eq. (4)), since for the maps it is this kind of terms that provides the dissipative type of coupling [63, 66, 49] ). Additionally, here and later the noise signal is introduced in the coupling term to emulate a natural noise added in the communication channel [60] . To detect the GS regime in such system we have computed conditional Lyapunov ex- To explain the reasons of stability of the GS regime with respect to external noise we use the modified system approach described in Section 1. At the same time, due to the fact that the theory of the stability of the GS regime to noise proposed in Section 1, is applicable to flow systems, and the noise added in system (13) is multiplicative, there are several peculiarities to be discussed bellow.
Therefore, we use the modified system approach with regard to the system with discrete time and consider the modified logistic map:
One can see that the modified system (14) may be rewritten in the form
where a = λ y (1 − ε). It is clearly seen that the term −εf (z n , λ y ) brings additional dissipation in system (14) .
The local phase volume contraction is characterized by means of the modulus of the derivative
where the modulus of multiplier |f is marked by arrow. One can see that for a coupling parameter strengths corresponding to the onset of the GS (15) in the same way as in Eq. (13), i.e.
to provide the same noise influence as in the coupled logis- The reasons of the jump of the representation point to infinity can be explained in the following way. Logistic map in autonomous regime
is known to have a finite basin of attraction, i.e., depending on the choice of the initial conditions, for the values of the control parameter λ mentioned above it demonstrates either chaotic regime or the jump of representation point to infinity [70] . To provide the chaotic regime in system (18) we have to specify initial condition in range x 0 ∈ [0; 1], with the representation point remaining in this range during the evolution of the system for an infinitely long time, at that the maximal value of f (x n ) = f max = λ/4 would be achieved if x n = 1/2. At the same time, it is clear that external noise could make it go out the range mentioned above.
The similar effect takes place for systems (13) . One 
i In the considered case the GS regime destruction is connected with the jump of representation point to infinity, which could be considered as an attraction of it to the second coexisting attractor being at the infinity [71] . Note, if the coexisting attractor was characterized by the limited basin of attraction, depending on the type of the regime being realized in the response system (and, correspondingly, to the second attractor), the increase or decrease of the threshold value of the GS regime would be observed with the growth of the noise intensity [50] .
The another important question is the stability of GS with respect to the external noise in the case when statistically independent noise sources affect the drive and response systems
where ζ n is a stochastic process with the probability density distributed uniformly in [0; 1]-range. Applying the arguments similar to the last one described for the system (13) to system (20), we can estimate the intensity of noise 
The further increase of the noise intensity D > D 
Rössler systems
As a second example we consider two unidirectionally coupled flow Rössler oscillators:
where Here ξ and ζ are statistically independent stochastic Gaussian processes described by the following probability distribution
where ξ 0 = 0 and σ = 1.0 are the mean value and variance.
Parameters D 1,2 define the intensities of the noise added in the drive and response systems, respectively.
To integrate the stochastic equations (22) 
where z = (z 1 , z 2 , z 3 ) T is the vector state of the modified system and, as a consequence, of the response one.
By the analogy with the logistic maps the bifurcation diagrams for the modified Rössler system are shown in Fig. 6 . the modified system (24) (see also [66] ).
The external noise does not shift the bifurcation points and, therefore, does not affect the boundary value of the GS regime. Therefore, we can conclude that the mechanisms determining the GS regime stability are the same as for the system with discrete time (13) . At the same time, since the basin of attraction in the Rössler system is unbounded, the effect of the GS regime destruction described above in Section 2.1 could not be observed.
One more interesting question to be discussed is the relationship between the onset of the GS and CS regimes.
According to the consideration made on the base of the modified system approach, GS and CS have the same mechanisms. At the same time, as we have mentioned in of the additive noise term in equations (22) is not equal to zero. We have chosen it to be equal to D 1 = εD. These dependencies for a different values of the drive system parameter ω x are shown in Fig. 8 . Such behavior of interacting systems in the presence of noise is fully defined by mechanisms described above in this subsection.
Therefore, one can say that in both considered cases 
Ginzburg-Landau equations
As a third example we consider the GS regime arising in spatially extended self-oscillating media described by the complex Ginzburg-Landau equations (CGLE). The system under study is represented by a pair of unidirectionally dissipatively coupled complex Ginzburg-Landau equations (CGLE's) being under influence of distributed in space source of the white noise. Equations describing such system may be written as
Equation (25) describes the drive system and equation (26) 
D defines the noise intensity.
Equations (25)- (26) have been solved with periodic boundary conditions u(x, t) = u(x + L, t) and
, with all numerical calculations being performed for a fixed system length L = 40π and random initial conditions. To evaluate (25)- (26) the standard numerical scheme for integration of the stochastic partial differential equations [75] has been used, the value of the grid spacing is ∆x = L/1024, the time step of the scheme is ∆t = 0.0002.
To detect the presence of the GS regime we have used the auxiliary system method described in Section 1.
At that, we have assumed that auxiliary system v a (t), also satisfying (26), has been under influence of the noise source of the intensityD equal to the last one for the response system. As an criterion of the GS regime arising we have chosen the following one. The GS regime takes place when the mean standard deviation of the response v and auxiliary v a system states satisfies the following condition:
where δ = 10 −5 . Indeed, the noise of a large enough intensity does not almost affect the characteristics of the modified GinzburgLandau equation
(and, as a consequence, of the response one), as well as in the case of Ginzburg-Landau equation with the added constant term [76] . Therefore, the noise does not change the threshold value of the GS regime onset. At the same time, as it has been discussed in Section 1, the boundary value of the coupling parameter ε may start changing if the noise intensity is a very great (D > 64, SNR < −41dB). The experimental setup is shown in Fig. 11 . As a basic element of the scheme we have used an electronic circuit with nonlinear converter and linear feedback loop similar to the one described in [77, 57] (it is shown in Fig. 11 by dashed rectangle). Since the generator is capable to demonstrate both periodic and chaotic oscillations depending on the choice of the parameter α of nonlinear converter, it has been selected in such a way for the gen- As we have mentioned above, one of the easiest ways to detect the presence of the GS regime is the use of an auxiliary system, i.e. an additional response circuit, which is a replica of the main one. But creation of the auxiliary system with parameters completely equal to the response system ones is one of the most conceptual problems in the experimental study of the GS regime. To solve this problem we have used an approach analogous to the one discussed in [78] . As it has been specified above, the signal from the drive system with additive noise has been preliminary recorded on PC. Therefore, it is evident that in this case the response system could be subjected to the influence of identical drive signal (with additive noise) any number of times. For the realization of an auxiliary system method it is quite sufficient to affect the response system by the drive signal twice, alternating the period of the influence with the time interval of autonomous dynamics (to It should be noted that the revealed peculiarity of the GS regime could be used in a number of practical applications, i.e. for the transmission of information through the communication channels where the level of noise is sufficient [18, 60] .
